A finite element heterogeneous multiscale method is proposed for solving the Stokes problem in porous media. The method is based on the coupling of an effective Darcy equation on a macroscopic mesh, with unknown permeabilities recovered from micro finite element calculations for Stokes problems on sampling domains centered at quadrature points in each macro element. The numerical method accounts for non-periodic microscopic geometry that can be obtained from a smooth deformation of a reference pore sampling domain. The computational work is nevertheless independent of the smallness of the pore structure. A priori error estimates reveal that the overall accuracy of the numerical scheme is limited by the regularity of the solutions of the Stokes micro problems. This regularity is low for a typical situation of non-convex microscopic pore geometries. We therefore propose an adaptive scheme with micro-macro mesh refinement driven by residual-based indicators that quantify both the macro and micro errors. A posteriori error analysis is derived for the new method. Two and three dimensional numerical experiments confirm the robustness and the accuracy of the adaptive method.
1. Introduction. Fluid flow through porous media is an important process appearing in a wide range of engineering and technical applications. It is present in the modeling of subsurface contamination and filtration, textile properties, biomedical materials, or natural reservoirs [30, 50, 55, 56] . The length-scale of a porous structure is usually much smaller than the computational domain of interest. Standard numerical methods relying on discretization of the porous domain, such as the finite element method (FEM), need to resolve the finest scale of the geometry, which is denoted by ε in what follows. Such techniques often lead to numerical problems of prohibitive size and computational cost.
In practical applications one is often interested in macroscopic quantities such as bulk properties of the fluid flow. Mathematical models describing such macroscopic quantities are based on averaging techniques such as homogenization. The derivation of effective equations of flow in porous media can be traced back to Darcy [28] . Rigorous homogenization theory of Stokes flow in periodic porous media appeared first in [44] with a proof of convergence by Tartar [47] . This proof was generalized by Allaire [10] to allow for connected solid porous structures in three dimensions. The effective pressure is given by an elliptic (Darcy) equation which contains the effective permeability tensor that depends on the pore geometry and can be computed using the so-called Stokes micro problems. The homogenization theory was further expanded by introducing correctors and ε-dependent error estimates [34] (see also [21] ) and to random stochastically homogeneous media [15] .
Numerical multiscale algorithms that approximate effective Stokes (or Navier-Stokes) flow in porous media usually rely on a Darcy macro problem. There are numerous works that address extraction of the effective permeability of porous media from the pore geometry of a small representative volume element. Stokes micro problems are then solved on these local pore geometries. We mention explicit analytic results for simple geometries [46] , applications to textile modeling [55] , and validation of predicted permeability using micro-tomography [36] .
Some authors assume that the pore structure varies slowly, leading to definitions of slowlyvarying [21] or locally periodic porous media [22, 51] . The multiscale FEM described in [20] assumes that the Stokes micro problems can be obtained from a reference periodic domain by a known smooth map and numerically computes micro problems with varying accuracy on nested grids of points. This method relies on high regularity of the Stokes problems that excludes re-entrant corners in micro domains. The two-scale finite element method proposed in [45] was used to compare the multiscale numerical solution of a Darcy equation with a fully resolved fine scale pressure, yielding excellent agreement. A priori analysis or convergence rates of this method were not discussed. The multiscale approach presented in [12] uses control volume method to discretize the Darcy macro equation. The reduced regularity of non-convex micro domains is taken into account and an appropriate estimate of the micro error is derived. The homogenized solution is assumed to have H 2 regularity. In this paper we propose an adaptive multiscale method for Stokes flow in porous media. Our method is based on the coupling of an adaptive FEM for elliptic problem with unknown permeability recovered form adaptive FEMs for Stokes problems in microscopic domains. Its construction is obtained as follows. A standard finite element method is used to discretize the Darcy's law on a macroscopic mesh whose size is independent (and can be much larger than) ε. An approximation of the effective permeability is recovered from FE solutions of Stokes problems on micro domains that are centered at quadrature points of the macro elements. We consider stable mixed FE pairs for solution of the Stokes problem as the Taylor-Hood FE [48] or the MINI FE [13] . We then derive a fully discrete a priori error analysis based on [1] .
To overcome suboptimal a priori convergence rates caused by non-convexity of the macro and micro domains we propose an adaptive approach. Unlike the adaptive finite element heterogeneous multiscale method (FE-HMM) for elliptic equations [2, 6, 40] that uses a priori error estimates to control the errors committed in micro problems, we derive a residual-based error estimator that combines the macroscopic residuals and microscopic residuals. We derive an a posteriori upper and lower bound for the error, and we show that our numerical method is both efficient and reliable. This is confirmed in a series of numerical experiments including three-dimensional problems with a non-periodic pore structure.
In this paper we also discuss ellipticity and boundedness of the effective permeability obtained from the velocity fields of Stokes problems on local pore geometries. The well-posedness of the effective Darcy problem is thus closely related to the variation of the pore geometry which we investigate in detail by providing practical criteria to characterize media for which such well-posedness can be established. This is also important to characterize the constants entering in the a posteriori estimates of our numerical method as they also depend on the micro pore geometries.
The organization of the paper is as follows. In Section 2 we review the definition of periodic porous media, define locally periodic porous media, recall the homogenization theory, define the effective problem and investigate its well-posedness. We then define the numerical method in Section 3 and derive a priori error estimates in Section 4. In Section 5 we derive a posteriori upper and lower bound for the numerical method and in Section 6 we describe an adaptive algorithm based on macro and micro residuals obtained from Darcy and Stokes problems. Finally, in Section 7 we present a series of numerical experiments for two and three dimensional problems with non-perioidc porous media that corroborate the optimal performance and robustness of the adaptive multiscale method.
1.1. Notation. Let C denote a generic constant whose value can change at any occurrence but it depends only on explicitly indicated quantities. We consider a domain
. For p = 2 we apply the Hilbert space notation H k (Ω) and H 1 0 (Ω) and define the seminorm |q|
with entries A ij , we denote its Frobenius norm by A F = (
with entries ξ i , we define
. Let δ ij denote the Kronecker delta.
2. Stokes flow in porous media and homogenization. In this section we briefly describe the homogenization of Stokes flow leading to a macroscopic Darcy equation. These results were pioneered by Sánchez-Palencia and Tartar [44, 47] and refined and extended by many authors (see [10, 35] and references therein). We then define locally periodic porous media, state the homogenized model problem, and investigate its well-posedness.
Periodic porous media. Let
Here and subsequently, the subscripts F and S stand for the fluid and solid parts of the medium, respectively. For any r > 0, we denote the r-periodic extension of a set X ⊂ R d by E r (X) = ∪ m∈(r/2+rZ d ) (m + X). Let ε > 0 and define the periodic porous medium Ω ε ⊂ Ω by (see Figure 1 )
(1)
Although Ω is connected, the definition (1) can lead to Ω ε with small parts near the boundary of ∂Ω that are disconnected from the main body. In what follows, we will neglect these small parts and assume (without changing notation) that Ω ε is connected. Moreover, we observe that ∂Ω ε does not necessarily have Lipschitz boundary. See Figure 1 (c).
(a) (b) (c)
and Ω cusps Ω ε Figure 1 : A pore geometry (a), global pore structure and Ω (b), and Ω ε given by (1) with two cusps and encircled disconnected parts (c).
Homogenization of Stokes flow.
Consider the incompressible Stokes problem in Ω ε with the velocity field u ε , pressure p ε , and force field f , given by
Homogenization theory examines the limit behavior of the solutions of (2) for ε → 0 + . Appropriate assumptions on the solid and fluid domains are needed to study these limits (see [10] ).
Assumption (H):
• the set Y S is closed in Y , and both Y S and Y F have positive measure,
and E 1 (Y S ) have locally Lipschitz boundaries and are locally located on one side of their boundaries,
and Y F are connected and Y F has locally Lipschitz boundary.
The analysis proceeds by extending the solution u
, defined in Ω, as described in Remark 2. Assuming (H) it was proved in [10] 
is the homogenized pressure given as the solution to the elliptic system
The so-called homogenized velocity satisfies u 0 = a 0 (f − ∇p 0 ) and the homogenized permeability tensor a
where u i (i ∈ {1, . . . , d}) is the solution of the following Stokes problem: Find u i , p i such that are defined explicitly in [10] as follows. The extension of the velocity is given by U ε (x) = u ε (x) for x ∈ Ω ε and U ε (x) = 0 for x ∈ Ω\Ω ε . For the pressure, we set P ε (x) = p ε (x) for x ∈ Ω ε and for each z ∈ (1/2 + Z d ) with the property ε(z + Y ) ⊂ Ω, we define P ε (x) for x ∈ (Ω\Ω ε ) ∩ ε(z + Y ) as the average of p ε (w) over w ∈ Ω ε ∩ ε(z + Y ). Elsewhere in Ω\Ω ε , we set P ε (x) = 0.
A strong convergence result in the L
2
-norm was derived in [11] . If
Furthermore, under more restrictive conditions on the regularity of Ω and Y F , an additional corrector u 1 was defined in [34] allowing for convergence rates (in terms of ε)
where C does not depend on ε.
Locally periodic porous media.
We generalize the definition of periodic porous media from Section 2.1 similarly to [21] . Assume that a reference porous geometry (Y S , Y F ) is given, satisfying Assumption (H). Let ϕ(x, ·) : Y → Y be a homeomorphism for every x ∈ Ω and assume that ϕ(x, ·)| ∂Y is an identity. For ε ≥ 0 define
Following Remark 1, we assume that Ω ε is connected. For any x ∈ Ω we define the local pore geometry by Y
We observe that if ϕ(x, y) ≡ y, then we obtain the definition (1).
Example 3. Consider the polynomial P (c, t) = 4(1 − c)t 3 + ct that induces a homeomorphism from the closed interval [−1/2, 1/2] to itself for c ∈ (0, 3/2). For d = 2 and i ∈ {1, 2} define ϕ i (x, y) = P (5x (a) (b) (c) Figure 2 : A reference pore structure (a), its image after applying ϕ(x, ·) (b), and the locally periodic porous medium Ω ε (c) from Example 3.
Remark 4.
A level set definition of locally periodic media was described in [22, 51] . Given S : Ω × R d → R that is Y -periodic in its second variable, we set Ω ε = {x ∈ Ω | S(x, x/ε) > 0}. For any x ∈ Ω we then define Y (5), (8), we define a model problem in the locally periodic setting. The effective pressure equation (3) stays unchanged but we let a 0 depend on x as follows. For any x ∈ Ω and i ∈ {1, . . . , d} let u i,x , p i,x be the velocity and pressure solutions of the the Stokes problem
are Y -periodic.
Then set
Variational formulation. Let f ∈ L 2 (Ω) and define
A weak formulation of (7) reads: find
We next recall the weak formulation of (3). Find
where
Remark 6. The Stokes system (9) can be reformulated by excluding the pressure: find
Velocity solutions defined by (12) and (9) are identical, see for example [17] .
Let us note that the continuous dependence of a 0 (x) with respect to x can be deduced from the regularity of the map ϕ(x, y). Assuming sufficient smoothness of ϕ(x, y) : Ω × Y → Y , the Stokes micro problems (7) can be pulled back to the domain Y F and we can use continuous dependence of coefficients on x to show that a
2.5. Well-posedness of the model problem. Assuming that ∂Y x F is piecewise Lipschitz, there is a well-known theory [33, 49] that ensures the existence and uniqueness of a weak solution to the problem (9) . Consequently, the tensor a 0 : Ω → R d×d is defined uniquely via (8) . If a 0 is uniformly elliptic and bounded, i.e., there is Λ ∈ R such that a 0 (x) F ≤ Λ for a.e. x ∈ Ω and there is λ > 0 such that
and a.e. x ∈ Ω, then the problem (10) has a unique solution by the classical Lax-Milgram theorem.
It is shown in [44] that a 0 is elliptic in periodic porous media. However, for locally periodic porous media, this proof does not guarantee uniform ellipticity and boundedness of a 0 (x). This question turned out to be difficult for arbitrary geometry of the pore structure and is examined in the next subsections.
2.5.1. Uniform boundedness of a 0 (x). Assume that there is α 0 ∈ R such that, independently of x ∈ Ω, the following Poincaré-Friedrichs inequality is valid:
Using the standard estimate of a solution to the Stokes equation (see [33] or [42, Thm. 15.4 
Further, the Cauchy-Schwarz inequality yields
Hence, a 0 (x) is uniformly bounded for x ∈ Ω.
2.5.2. Uniform ellipticity of a 0 (x). In the first step, we follow the well-known result [44, Ch. 7, Prop. 2.2] and apply it to a non-constant tensor a 0 (x). Let i, j ∈ {1, . . . , d} and take
To prove that a 0 (x) is indeed positive definite, we take functions
, ξ = 0. The above argument shows the ellipticity of a 0 but not the uniform ellipticity that we discuss now.
Proof. The equation (12) and the continuity of a(·, ·) give
The result follows by using (16) to provide a lower bound for |u
while the triangle and the Cauchy-Schwarz inequality give |v
We observe that the representation
with div v = 0. Indeed, using integration by parts we have
for any i ∈ {1, . . . , d}. The result (17) follows by linearity. For some pore geometries, Lemma 8 can directly be used to derive (explicit) uniform bounds for the ellipticity of the tensor a 0 (x). For example, when the fluid part Y x F contains straight cylindrical subset as described below. We have then an explicit construction for the test functions v i,x to be used in Lemma 8 using the Poiseuille flow and the uniform bound for the ellipticity of the tensor a 0 (x) is then explicitly dependent on the radius of the cylinders. Example 9 (pore geometries Y x F containing straight cylindrical subsets). Let r > 0, z x ∈ Y , and suppose that (see Figure 3 )
Then a 0 (x) is uniformly elliptic with λ = r 3 /3 for d = 2 and λ = πr 4 /24 for d = 3. This can indeed easily be seen. Let us use a Poiseuille parabolic flow as test functions
It is clear that
. . , d}. Using Lemma 8 we conclude the proof. , as defined in (18), but without assuming
are bounded by L.
Then a 0 (x) is uniformly elliptic with λ depending only on r, d, and L.
Figure 4: Curved cylindrical subsets from Example 10.
An illustration of a possible geometry that fulfills the above assumptions is given in Figure 4 . To construct suitable test functions to be used in Lemma 8, we take the functions v i,x from (19) and defineṽ
. The assumption (a) and the observation (17) lead to (e j ,ṽ i,x ) = (e j , v i,x ) = δ ij for all j ∈ {1, . . . , d}. We observe that |ṽ i,x | 1 can be bounded by an explicit constant depending on r, d, and L. We then conclude by applying Lemma 8 with test functionsṽ . Indeed, we take
is defined in (19) . Then, we can defineq
The next step is to simplify Lemma 8 such that the test functions v
do not have to be divergence-free. We start by introducing the inf-sup constant of b(·, ·) in Definition 12.
Definition 12. For any x ∈ Ω let β x 0 > 0 be the constant from the following inf-sup condition:
. In what follows, we will assume a uniform inf-sup constant for all domains Y x F with x ∈ Ω, i.e., β x 0 ≥ β for every x ∈ Ω. Such results can be obtained for a large class of geometries than can be expressed as a union of star-shape domains with respect to open balls [31, Chap. III.3]. We note however that for domains with thin channels or large aspect ratio, β degenerate with increasing aspect ratio [29] .
Suppose that for any x ∈ Ω and i ∈ {1, . . . , d} there is
and x ∈ Ω with λ depending only on β, η, and the dimension d.
. Standard Stokes estimates [33, 42] give
Further, using (17) and the condition
Figure 5: Half-balls from the construction of test functions in Example 14.
We now apply Lemma 13 to derive uniform bounds for the ellipticity of the tensor a 0 (x) in a general situation. Example 14. Let r > 0 and z x ∈ Y be such that the half-balls
(see Figure 5 ) satisfy
. . , d} and k ∈ {1, 2}. Then a 0 (x) is uniformly elliptic with λ depending only on r and β. Indeed, define
where C is a constant depending on r that assures ∂Y x
in Lemma 13 concludes the proof.
3. DS-FE-HMM for the Stokes Problem. In this section we define the numerical multiscale method for the Stokes problem in porous media with an acronym DS-FE-HMM (Darcy-Stokes finite element heterogeneous multiscale method). Since the effective equation (10) is elliptic, we can use the strategy developed in [1] for the macro solver. The coupling with micro problems, however, differs from the FE-HMM as we now have to solve micro Stokes problems. There we use mixed finite elements.
3.1. Definition of the method. Let ε > 0 and assume that Ω and Ω ε are connected bounded polygonal domains in R d
with Ω ε ⊂ Ω. Let {T H } be a family of conformal, shaperegular triangulations of Ω parametrized by the mesh size H = max K∈T H H K , where
Macro FE space and quadrature formulas. We consider the macro FE space
where P l (K) is the space of polynomials on K of degree l ∈ N. For the sake of simplicity of notation, we indicate the dependence of spaces
h only by the subscript h. For each element K ∈ T H we consider an affine mapping F K such that K = F K (K), whereK is the simplicial reference element. Let J ∈ N and {x j ,ω j } J j=1
be a given quadrature formula onK with positive weights andx j ∈K. The transformation F K induces a quadrature formula on K with integration points x Kj = F K (x j ) and weights
and
where we notice that Q K ⊂ K and Q H ⊂ Ω. Denote the family of all quadrature points for H > 0 by {Q H }. Since exact integration will be replaced by a quadrature formula, we need the following assumption to recover well-posedness of the numerical method and guarantee the optimal order of accuracy, see [24, Chap. 4 
The assumption (Q) is valid for example if J = 1, ω K1 = |K|, and x K1 is the barycenter of K. See [26, 27] and the references therein for further examples of quadrature formulas.
Micro FE spaces. Let δ ≥ ε. For each x ∈ {Q H } we define the local geometry snapshot
For any x ∈ {Q H }, we assume that {T x h } h is a family of conformal, shape-regular triangulations of Y x,δ F parametrized by the mesh size h = max T ∈T x h h T , where h T = diam(T ). The shaperegularity constants are assumed to be the same for each x ∈ {Q H } and δ ≥ ε. We consider two standard stable pairs of micro velocity and pressure elements (see [17] ): the Taylor-Hood P k+1 /P k FE for k ≥ 1 and the MINI FE (see Remark 15) . We consider two different boundary conditions (BC) on the micro scale: periodic and Neumann. The pressure FE space is given by
The velocity FE space is given by
For the sake of simplicity of notation, we indicate the dependence of spaces
Remark 15. To use MINI finite elements, we take (23) with k = 1 and
where B is the bubble space B(Y
In case of periodic boundary conditions, we assume that the micro meshes T x h are conformal over periodic boundaries and periodicity can be thus enforced strongly (see Figure 6 (c)). 
Coupling macro and micro methods (DS-FE-HMM). The coupled Darcy-Stokes finite element heterogeneous multiscale method (DS-FE-HMM) is defined as follows. Find
where the discrete macro bilinear form and right-hand side corresponding to (10), (11) are
Here, f
and a h (x Kj ) is a numerical approximation of the tensor a 0 (x Kj ) computed by the micro Stokes problems: for each i ∈ {1, . . . , d} and quadrature point
and set
Remark 16. Neumann boundary conditions in the micro problems are especially useful when the periodically extended fluid part
is not connected (see for example Figure 7(right) ). There, periodic boundary conditions would yield a h (x) = 0.
Computational cost. Denote the number of macroscopic degrees of freedom by N mac and the (average) number of microscopic degrees of freedom by N mic . If the time cost of solving one (micro or macro) problem is assumed to be linear in the degrees of freedom, the total cost of the DS-FE-HMM method is O(N mic N mac ), which does not depend on the pore size ε. Indeed, in general δ ≥ ε is of size comparable to ε and δ = ε can be chosen for periodic problems.
Velocity reconstruction. We reconstruct a discontinuous velocity field using piecewise approximation of a h (f H − ∇p H ) by interpolation from quadrature points. In addition to the assumption (Q) we assume that the number of quadrature nodes J is minimal, i.e., J = l+d−1 d
. Given a macro element K ∈ T H (recall the definition (21)) and a function q : Q K → R, there is a unique interpolant Π(q) ∈ P l−1 (K) such that Π(q)(x) = q(x) for every quadrature point x ∈ Q K (see [37, Prop. 50] , [7] ). Therefore, for any tensor a :
We define the DS-FE-HMM velocity reconstruction by u
Remark 17. Quadrature formulas that satisfy (Q) and J = l+d−1 d
are known only for l ≤ 3 in two dimensions and l ≤ 2 in three dimensions, see [26] and the references therein. If the number of quadrature nodes is not minimal, we can still define Π(q) as
We note that the assumption (Q) and definition of Π give
and analogously
3.2. Well-posedness of the DS-FE-HMM. There is a well-known theory [13, 17, 19 ] that guarantees well-posedness of the micro problems (27) with finite element spaces defined in (23) or (24) . The well-posedness of the macro problem (25) relies on the Lax-Milgram lemma.
Proposition 18. In addition to Assumption (Q), assume that there exist Λ, λ > 0 such that
, and h > 0. Then there is a unique solution p H of (25). Moreover, |p
Proof. The assumptions imply continuity of L H (·) and B H (·, ·) and ellipticity of B H (·, ·). Indeed, for any q H , r H ∈ S l H (Ω), we have
The Lax-Milgram lemma concludes the proof.
We
Let us first examine the case of micro problems (27) being solved exactly in Sobolev spaces. Using here the variant of Stokes problem (12) , which excludes pressure, we arrive at the following definition. For any x ∈ {Q H } and i ∈ {1, . . . , d}, let u i,x ∈ V (Y x,δ F ) be the unique solution to the Stokes problem
If we show that a(x) is elliptic for every x ∈ Q H , then we can already claim that, for a given macro mesh T H , the tensor a h (x) is elliptic for each x ∈ Q H provided that h > 0 is sufficiently small. Indeed, the convergence properties of the stable FE scheme (27) assure that
We thus examine the ellipticity of a(x) and then show how a global (independent of x ∈ {Q H }) ellipticity constant of a h (x) can be obtained for h <ĥ, whereĥ > 0 also does not depend on x ∈ {Q H }.
Uniform ellipticity of a(x).
Independently of the boundary conditions (periodic or Neumann) that are used in the Stokes micro problems (27) , we can apply the ellipticity results from Section 2.5.2 on the tensor a(x) with very little changes. One has to substitute the spaces W (Y 
However, there is an important class of pore geometries (Y is not connected over opposite edges of (δ/ε)Y , periodic boundary conditions in micro problems will yield u i,x ≡ 0, implying a(x) = 0 and finally a h (x) = 0. To avoid such scenarios, Neumann boundary conditions can be used. To account for such geometries, we start with a variant of Lemma 8 that shows ellipticity of a(x) with weaker assumptions on the scalar products of test functions with e T ∈ R d . Assume that for any x ∈ {Q H } and i ∈ {1, . . . , d} there is
F ) for any i, j ∈ {1, . . . , d}. Assume that the matrix A x is invertible with
and C depending only on the dimension d. The previous lemma can be used to obtain generalizations of Example 10, Lemma 13, and Example 14 that allow for non-periodic test functions. As an illustration, we show a simple way to generalize Example 14.
Definition 20. For any quadrature point x ∈ {Q H } let β x δ > 0 be the constant from the following inf-sup condition: for every q ∈ L 2 (Y 
(see Figure 7 (right)) satisfy
for i ∈ {1, . . . , d} and k ∈ {1, 2}, where r > 0 is a given radius. Then a(x) is uniformly elliptic with λ depending only on r, γ, β δ , and δ/ε. Indeed, define
where C is the constant from Example 14, depending only on r. Direct integration gives
for any j ∈ {1, . . . , d}. Using the auxiliary Stokes problems as in Lemma 13 and then the formula (17), we can find
where C depends on r and β δ . Finally, the assumption on A
where C depends only on γ, d, and δ/ε. We can conclude by using the test functions v i,x in Lemma 19.
Uniform boundedness of a
h (x). We follow the reasoning from Section 2.5.1. Assume that there is α ∈ R such that the Poincaré-Friedrichs inequality
F ), independently of δ ≥ ε and quadrature point x ∈ {Q H }. Following the estimates (13), (14) , while using the standard discrete solution stability result (see [33, 42] ) and
Uniform ellipticity of a h (x).
Similarly to Section 2.5.2, we derive lower bounds of a h (x)ξ · ξ. Using here the variant of Stokes problem (12) , which excludes pressure, we can restate (27) as follows. For any x ∈ {Q H } and i ∈ {1, . . . , d} find
, which implies that a h (x) is symmetric. Following Lemma 7 we get
The main idea in what follows is to take, for any x ∈ {Q H } and any unit vector
where γ > 0 is a constant. Notice that v η,x is a velocity solution to the Stokes problem: find
Let
F ) be a discrete velocity solution of (39) where we replace the continuous spaces
F ), respectively. Standard Stokes estimates (see [33, 49] ) give
The following lemma now combines these considerations into an ellipticity result for a 
F ) be defined as described after (39) . Assume that there are uniform bounds on the Poicaré-Friedrichs inequalities introduced in Sections 2.5.1 and 3.2.2 denoted by α 0 and α, respectively. Finally, assume that the functions v η,x,h ∈ V h (Y x,δ F ) satisfy the limit condition (40) uniformly (with respect to quadrature points x ∈ {Q H } and η ∈ R d ). Then there is λ > 0 andĥ > 0 such that a h (x)ξ · ξ ≥ λ|ξ| 2 for all h > 0 with h <ĥ, vectors ξ ∈ R d , and
Proof. A simple computation gives
where C depends on δ/ε and on the Poincaré-Friedrichs constants α 0 and α. Using the assumption (40) we know that there isĥ > 0 such that for all h ≤ĥ the right-hand side in (41) can be bounded by γ/2. That in turn gives (ξ,
for all h <ĥ. The estimate (37) concludes the proof with λ = γ(ε/δ) d /2.
Remark 23. Test functions v
η,x in Lemma 22 can be constructed in many ways. One can use the test functions from the proofs of coercivity of a in Section 3.2.1 or we can take directly
, where u i,x is defined in (31) . The only additional assumption is the uniformity of the limit behavior (40) .
We close this section by a construction of the test functions for Lemma 22 in a specific situation, where the rate of convergence of (40) can be derived explicitly. First, we need a definition of a discrete inf-sup condition.
Definition 24. For any quadrature point x ∈ {Q
H } let β
x,h δ > 0 be the constant from the following inf-sup condition: for every
For every x ∈ {Q
H } we have continuous (β x δ ) and a numerical (β x,h δ ) inf-sup constants. As in Section 3.2.1, we assume that there is β δ > 0 such that β x δ ≥ β δ for all x ∈ Ω. Then for stable pairs of finite element spaces in shape-regular meshes (see [17] ), we also have a uniform bound for the discrete inf-sup constants, i.e., there is β δ,num > 0 such that β x,h δ ≥ β δ,num independently of x ∈ {Q H } and h > 0. Recall that the constant of shape-regularity for the families of triangulations {T x h } h is assumed to be independent of x ∈ {Q H }.
, where µ > 0 is a constant. Assume that there is r > 0 such that for every quadrature point x ∈ {Q H } and m ∈ {1, . . . , M }, there is a point z x,m ∈ (δ/ε)Y with the following properties. The cylinders Figure 8) . Then there are test functions v η,x satisfying the assumptions of Lemma 22. Indeed, we can define
where C is the constant from Example 9 depending only on r, which then gives (e j , v i,x ) =
for any unit vector η ∈ R d and show that these test functions satisfy the conditions of Lemma 22. A direct computation shows that (38) is satisfied with γ = C(δ/ε) d , where C > 0 depends only on µ, r, and d. Notice also (using only (42) . Using standard approximation results (see [33, 49] ) we obtain
where C depends on r, d, the lower bound on the discrete inf-sup constants β δ,num , micro FE space, and the shape regularity constant of T (46), we follow [2] and decompose the error in three parts, the macro, the micro and the modeling error, as
The functions p
, solutions of problems (45), (46), respectively, are FE solutions of a problem similar to (25) but with different effective tensors as described below.
Preliminaries.
We start with the semi-discrete DS-FE-HMM. This is a version of the DS-FE-HMM where the micro problems (27) are solved exactly, in Sobolev spaces, yielding micro velocities u i,x ∈ W (Y x,δ F ) and tensor a(x) as described in (36) and (32), respectively.
where B H , L H are given by (26) with a h (x) replaced by a(x). The reconstructed velocity is then defined as u H = Π a (f H − ∇p H ). We next consider the classical FEM with numerical quadrature for the elliptic macro problem with exact effective tensor. Find p 0,H ∈ S l H (Ω)/R such that
where where B 0,H , L 0,H are given by (26) with a h (x) replaced by a 0 (x). Finally, let
Remark 26. The well-posedness of the intermediate (in terms of discretness) problems (45) and (46) depends on the properties of the tensors a(x) and a 0 (x), which are examined in Section 3.2 and Section 2.5, respectively.
Macro error. If Assumption (Q) holds, p
0 ∈ H l+1 (K), and a 0 is uniformly elliptic, bounded, and sufficiently smooth, then
where C is independent of H and ε (see [24, Chap. 4 
.1]). If
For the velocity field we have the estimate
We can decompose the second term of the previous estimate further to a
. These terms vanish if we assume that a 0 (x) is constant within each element K ∈ T H . In a general situation, these terms can be bounded by CH , we obtain
where C depends only on the constants λ and Λ from the assumptions. Further, one has
If we use DS-FE-HMM with periodic micro boundary conditions and explicit scale separation (δ = ε and Y
, then this error vanishes. 4.4. Micro error. This error arises from the FE approximation of the Stokes problem on the micro scale. We can use the same strategy as for the modeling error to show
where C depends only on the ellipticity and boundedness constants of the bilinear form B H (·, ·).
Using the definitions of a and a h and the Cauchy-Schwarz inequality, we obtain
Hence, the micro error can be bounded using the L 2 -norm of the error of the micro problems. Using a priori convergence estimates for Stokes problem (see [18, 33, 52] ), one can obtain
where C does not depend on the mesh sizes H and h. The constant θ depends on the regularity of the micro problem. Optimally, one has θ = k + 2 for the P k+1 /P k Taylor-Hood FEs or θ = 2 for MINI FEs (see [18] ).
5.
A posteriori error estimates. There are tow major issues for the DS-FE-HMM method (25) when using uniform mesh refinement on the macro and the micro scales. First, it is well-known that for non-convex macro domain Ω the optimal convergence rates (47) will deteriorate. Second, the DS-FE-HMM accuracy will also deteriorate if the approximation of the effective tensor a h (x) is not accurate enough, leading to a large micro error. However, the domains Y x,δ F are usually not convex for porous medium so the regularity of the micro problems is low. For example, in two dimensions the exponent from (49) satisfies θ ∈ (1, 2) depending on the maximal interior angle of Y x,δ F (see [52] ). We can thus not rely on a priori error analysis in general to develop a robust approximation of flow in porous medium. We therefore propose an adaptive method for both the macro and the micro solvers. To drive the coupled adaptive mesh refinement we need therefore to derive rigorous a posteriori error estimates on both scales and derive an algorithm to adequately balance the macro and micro mesh refinement. Inspired by [4, 6] we prove reliability and efficiency of the multiscale macro residual. We then define the multiscale micro residual and prove the reliability of the combined multiscale macro-micro residuals.
Notations, auxiliary identities and inequalities.
Denote the set of all edges of triangles of T H by E H . For any edge e ∈ E H or element K ∈ T H set
N (e) = {T ∈ T H ; e ∩ T = ∅}.
If e ∈ E H is a common edge of two distinct elements K, T ∈ T H , then [·] e denotes the jump of a (possibly discontinuous) quantity over the edge e. If v is a vector field with
. If e ⊂ ∂K ∩ ∂Ω, we assume an artificial element T on the other side of e and define v| T ≡ 0.
We will denote by I H :
(Ω) the Clément interpolation operator [25] and recall the inverse inequality (see [24, Thm. 3 
.2.6])
for any q H ∈ S l H (Ω) and K ∈ T H , where C depends only on d, l, and the shape-regularity of K. For any q ∈ H 1 (Ω), K ∈ T H , and e ∈ E H , we have (see [8, Thm. 3.10] ) the trace inequality
where H e = diam(e) and the interpolation estimates (see [25] )
where C depends only on d and the shape-regularity of T H .
5.2.
Residual-based error estimates. Our goal is to find an a posteriori error estimate of e = p 0 − p H in the H 1 -seminorm and prove efficiency of these bounds. Let
Assume that a 0 (x)ξ · ξ ≥ λ|ξ| 2 and |a 0 (x)ξ| ≤ Λ|ξ| for each ξ ∈ R d and a.e. x ∈ Ω. Then there exists a constant C depending only on Ω, λ, and the shape-regularity of T H such that |p
and a constant C depending only on Ω, d, l, Λ, and the shape-regularity of T H such that for any K ∈ T H we have η
The proof of Theorem 27 follows closely [7, 37] and is divided into two parts.
(e) → P d+l−1 (K) such that R K,e (q e )| e = q e | e and R K,e (q e )| ∂K\e = 0. Moreover, we have
where C depends only on d, l, and the shape-regularity of T H . For any interior interface e ∈ E H , let K 1 and K 2 be two elements such that e = ∂K 1 ∩ ∂K 2 and define
Using this function q in (59) together with the inequality (60) gives
Using the the property |Ψ e | ≤ 1 and the equivalence of norms ν L 2 (e) and ( e Ψ e ν 2 ds)
The last step is to use (58) in (62) and obtain
Finally, combining the estimate for the interior residual (58) and the jump residual (63) gives the lower bound (54).
5.3.
A posteriori analysis of the micro error. Let K ∈ T H be arbitrary and use the triangle inequality to obtain the decomposition ξ K ≤ ξ data,K + ξ mic,K , where
The inequality (64) is a foundation for the a posteriori estimation of the micro error ξ mic,K . Using (48) and the Poincaré inequality gives
where C depends only on the bound α for the continuity of a h (see Section 3.2). The micro FE error
) can be estimated using the classical residual-based error estimator for Stokes problem, see [53, Theorem 3.1] . For any quadrature point x ∈ Q K there exists a constant C that depends only on the inf-sup and Poincaré-Friedrichs constants of the Stokes micro problem, shape regularity of T x h , and the micro FE type such that for any i ∈ {1, . . . , d} we have
and E 
As before, we set η
There is a constant C depending only on the domain Ω, the continuity (Λ) and coercivity (λ) constants of a 0 (x), the degree l of the macro finite element, the shape-regularity of T H and the constant C in (66) such that
6. Adaptive algorithm. We propose an adaptive numerical algorithm for the DS-FE-HMM problem (25) , (27) , (28) . The individual macro and micro adaptive processes follow the standard FEM refinement cycle SOLVE ESTIMATE MARK REFINE.
Our main goal is to optimally couple the macro and micro mesh refinements. To accomplish that, we enforce η
where the constant µ > 0 is problem dependent and can be calibrated as described in Remark 30. While solving a micro problem (27) , we refine the micro mesh T x h until the condition
is met, which implies (69).
Start: user input
Solve micro problem (27) Estimate η Algorithm. We assume that the user provides Ω, Ω ε , δ, an initial macro mesh T H of Ω, finite element spaces, and the micro coupling (periodic or Neumann). The adaptive procedure that is depicted as a flow chart in Figure 6 consists in the following steps:
Solve. Solve for each quadrature point x ∈ Q the Stokes micro problems. The two-dimensional medium B illustrates the performance of the method on a more complex porous material. We conclude this section by a three-dimensional experiment performed on the medium C.
All the numerical computations were performed in Matlab with FE code inspired by [5] and the AFEM code [23] with mesh generation provided by gmsh [32] . Linear systems were solved using Matlab's mldivide for d = 2. In three dimensions, we used algebraic multigrid solver AGMG [38] for positive definite (macro) problems and an Uzawa method [41] for saddle point (micro) problems. The Uzawa method uses algebraic multigrid preconditioning for the coercive part and pressure mass matrix preconditioning for the Shur's complement. Porous domains Ω ε and fine scale solution p ε are plotted in Figure 12 for various values of ε. The solutions p ε were computed numerically using single-scale adaptive FEM with P 2 /P 1 FEs. This is a costly computation and we therefore limited such a fine scale solve to ε ≥ 2 and use periodic BC on micro problems. We take P 1 macro FEs (l = 1) and P 2 /P 1 micro FEs (k = 1). The initial macro mesh is set as in Figure 16 (left). Following Remark 30 we obtain µ ≈ 1200. We apply the adaptive DS-FE-HMM and observe that the expected convergence rate |p
is obtained as displayed in Figure 13 , where N mac is the number of degrees of freedom of the macro problem. The micro error decays at a faster rate, proportional to N
. This is expected, as we estimate the 
Nmac
Relative error 
cη mic,Ω , macro: P 1 , micro: P 2 /P 1 , periodic BC). , macro: P 1 , micro: P 2 /P 1 and periodic BC).
ε does not affect the computation and the modeling error is thus eliminated. We test six different combinations of micro and macro FEs. The convergence rates displayed in Figure 15 corroborate the theoretical results obtained in Section 5. As in standard adaptive FEM, the mesh is more refined close to the corner singularities at points [1, 1] and [1, 2] . With increasing l, the refinement is even stronger close to the corners. Figure 16 compares meshes for the same relative error of different macro FEs. In Figure 17 we plot the convergence rates versus relative error mac : mic To show that our method is robust without the precise knowledge of the size of micro domains for the Stokes flow, we changed δ to be a non-integer multiple of ε with both Neumann and periodic BC on the micro problems. The detailed error analysis can be seen in Figure 18 . 
Porous medium B.
We use the same macro domain Ω and force filed f ≡ f H ≡ (0, −1) as for the porous medium A, but the pore geometry is now more involved (see Figure 10(c) ). The solid part Y x S consists of three regular hexagons with centers at a distance 0.25 from the point [0, 0]. The sides of the hexagons r 1 , r 2 , r 3 and the rotation angle θ are given by r j (x) = A(ζ + (j − 1)/3) for j ∈ {1, 2, 3} and θ(x) = 2πζ/3, where ζ = (1 + sin(x 1 ))(1 + sin(2πx 2 /3))/4 and A(ζ) = 0.145 + 0.035 sin(2πζ). The mapping ϕ governing the slow variation of the medium depends on r 1 , r 2 , r 3 and the rotation angle θ. This mapping thus rotates and changes the size of the solid parts.
Porous domains Ω ε and fine scale solution p ε are plotted in Figure 19 for various values of ε. The solutions p We performed an experiment with P 1 macro FE (k = 1) and P 2 /P 1 micro FE (l = 1). The convergence rates presented in Figure 21 again corroborate the theoretical results obtained in Section 5. cη mic,Ω Figure 21 : Medium B: DS-FE-HMM error analysis (macro: P 1 , micro: P 2 /P 1 , periodic BC).
Porous medium C.
Let Ω be a subset of (0, 2) × (0, 2) × (0, 3) for which (x 3 − 2)(x 3 − 1) > 0 or max(x 1 , x 2 ) < 1 and let f ≡ f H ≡ (0, 0, −1), see Figure 22 (left). Let the faces (0, 2) × (0, 2) × {0} and (0, 2) × (0, 2) × {3} be periodically connected. We will define a three-dimensional porous structure where the solid part Ω\Ω ε is connected. 
Figure 22: Medium C: macroscopic domain Ω (left) and a description of the pore structure. The fluid part (middle) consists of a rectangular prism (black) and three connecting polyhedrons (red, green, blue).
We will define the domain Ω ε such that it will consist of rectangular prisms spaced in an ε-sized grid, connected in all three basic directions by simple channels (see Figure 24 (right)). To describe such medium in the locally periodic fashion, we follow Remark 5 and use the generalized definition of locally periodic porous media, where the map ϕ(x, y, ε) takes ε as a parameter. Instead of stating ϕ explicitly, we define ϕ(x, Y F , ε), where Y F can be set appropriately. While reading the following description, follow Figure 22 (right). We let ϕ(x, Y F , ε) be a rectangular prism of size r 1 (x) × r 2 (x) × r 3 (x) located in the corner of Y . Its three faces that do not lie on ∂Y are faces of three polyhedrons that reach to the opposite side of Y and these polyhedrons will serve as a connection to the neighboring cells in Ω ε , which contain rectangular prisms of sizes r 1 (x k ) × r 2 (x k ) × r 3 (x k ), where x k = x + εe k for k ∈ {1, 2, 3}. We define r k (x) = 0.5 + 0.2 cos(2π(ζ + (k − 1)/3)) for k ∈ {1, 2, 3}, where ζ(x) = x 1 /2 − x 2 /2 + x 3 /3. We apply the DS-FE-HMM with P 1 macro FEs (l = 1), and P 2 /P 1 micro FEs (k = 1). Periodic BC are used on the micro problems and we set Y x,δ F = Y x F . Sample micro solutions can be seen in Figure 23 . The convergence rates given in Figure 25 are as predicted by the results of Section 5. Despite choosing very coarse initial micro meshes, the macro error dominates the micro error. The adaptive algorithm detects this behavior and allows for coarse micro meshes reducing the computational cost by order of magnitudes compared to a multiscale macro-micro method that would be used with uniform micro mesh refinement. and its computational cost is independent of the pore size. We have focused on a class of problems with non-periodic pore structures that can be obtained from a smooth deformation of a reference pore sampling domain. As the well-posedness of the Darcy problem depends on the Stokes flow at the pore level, we have analyzed classes of microscopic geometries that ensure existence and uniqueness of a solution of the macroscopic problem and its FE discretization. While a priori error analysis has been discussed, our main objective has been to derive an adaptive algorithm combining macroscopic and microscopic mesh refinement. Rigorous a posteriori error estimates have been derived that show efficiency and reliability of the proposed adaptive method as corroborated by numerical experiments for non-periodic two-and three-dimensional problems. The adaptive algorithm presented here also allows for further generalizations and improvements. In particular, the application of goal-oriented adaptive FE methods [39] or reduced basis techniques [3, 43] could be used to compute the functionals 
